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Abstract. We develop a holomorphic functional calculus for (multivalued linear) 
operators on locally convex vector spaces. This includes the case of fractional powers 
along Lipschitz curves. 
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Introduction 

If A is a not everywhere defined operator on a locally convex vector space 23 and 
r is a Lipschitz curve system on the Riemann sphere then u G Dp;(^) if u G 23 and 
the resolvent operators of A with poles from T applied n times to u give a continuous 
function on F". The slowly growing holomorphic functions on the complement of the 
Lipschitz curve system F form the algebra Tir- This algebra has a natural filtration: 
/ € Tip if / is a superposition of rational functions with a pole in F with multiplicity at 
most n. In case F C C it means that 



m = ^ 



i=0 



where fii are finite Borel measures on F. Having such representations we may define the 
operator f{A) on Dp;(^) if / G TC^. We do that by substituting A into z formally. In 
the special case above 



1=0 



{w - AY 
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The objective of this paper is to elaborate the notions used above and demonstrate the 
viabiUty of this functional calculus in arithmetical sense. That includes the statements 
of Well-definedness, Multiplicativity, and Locality, which hold under realistic conditions. 

Inspiration for this work came from three sources: one is the author's interest in 
taking square roots along special curves in locally convex algebras, cf. [6]; another one 
is the classical theory of fractional powers of operators with radial spectral cuts, see 
Komatsu [1], or the book of Martinez Carracedo and Sanz Alix [7]; and the third one 
is the very classical Riesz functional calculus, cf. Dunford and Schwartz [^, VII. 3. We 
will see how these fit into our picture. For a comprehensive review of related matters 
see the book of Haase Although this latter one concentrates on the sectorial case 
but it is exhaustive in that regard. 

In terms of the construction of the calculus outlined above, we can notice that the 
relationship between the function f{z) and the not everywhere defined operator f{A) 
is not immediate. Although we want f{A) to specialize to f{z) for scalars, we obtain 
f{A) through certain measures /ij: 



This character also appears in the structure of the paper: Sections 1-5 comprise a 
function theoretical discussion. In Sections 1 and 2 we go through a short discussion 
of Lipschitz curve systems and some elementary properties of integrals of Cauchy type. 
Section 3 is about some finer properties. The main purpose of this section is that we 
can formulate the statement of locality later in a slightly stronger form than it would be 
easier otherwise. So despite its relative length one can skip this section without much 
consequence. Section 4 is a reminder to some elementary identities, which, in fact, will be 
generalized later, but they are included here for the sake of better readability. Section 5 
is about normal forms of slowly growing holomorphic functions outside a Lipschitz curve 
system T. Practically, it says that internal distributions on T (whatever they are) are in 
bijective correspondence to slowly growing holomorphic functions as boundary values, 
cf. Berenstein and Gay [T], 3.6. The function theoretical part is relatively lengthy but it 
turns out that once we properly understand what we want to generalize the task itself 
is surprisingly easy. In Sections 6~9 the functional calculus is actually discussed. In 
Section 6 we restate the statements of Section 4 in greater generality, this time applied to 
multivalued linear operators. The key observation is that the resolvent identity remains 
valid, so we can generalize everything. In Section 7 we define the function calculus and 
we discuss its basic properties. In Section 8 we examine that how our functional calculus 
applies to fractional powers. In Section 9 we mention some modifications which can be 
applied. 

In terms of conventions, in what follows "measure" means Borel measure of bounded 
variation. They are always considered on T2, M2, locally compact topological spaces 
unless noted otherwise. We remark that such measures can be well approximated by 
discrete measures in weak sense, and integration is a question of sequential convergence. 
In the first part we consider complex measures and scalar integrals. But eventually, in 
the second part we also consider vector measures or rather vector integrals, depends on 
viewpoint. One can take a look at e. g. in order to see how to develop a sufficient 
integration theory along such measures, but the reader is rather assumed to have working 
knowledge regarding vector integration. 

I would like to thank Markus Haase for some useful comments. 



slowly growing 
holomorphic function / 




normal form 



not everywhere defined 
operator f{A) 



SPECTRAL CALCULATIONS ON LOCALLY CONVEX VECTOR SPACES 



3 



1. LiPSCHITZ CURVES AND CURVE SYSTEMS 

1.1. Let 7 : [a,6] ^ C be a simple continuous curve, F = j{[a,b]). We say that 7 is a 
Lipschitz curve if T is locally the graph of a Lipschitz function. We say that 7 is a short 
Lipschitz curve if T is actually the graph of a Lipschitz function. In the latter case we 
say that the vector ^ is transversal in angle > 6 ii for any wi,W2 € L, wi 7^ W2 the angle 
between ^ and the line through wi and W2 is > 9. If we introduce a coordinate system 
(n, v) such that its ordinate points into the direction of ^ then we find that the curve 
has shape {u,ip{u)) where < cot^. 

From the definition it is clear that being a Lipschitz curve is independent of the 
parametrization. But bi-Lipschitz parametrizations can always be chosen, ie. for which 
there exist constants Ci,C2 > such that Ci\t2 — ti\ < |7(i2) — 7(*i)l ^ C'2|i2 — ill- 
For example, the arc-length parametrization is always like that. It is not hard to see 
that a curve 7 : [a, 6] — > C is a Lipschitz curve with a bi-Lipschitz parametrization if its 
derivative exist in sense and its representative function 7' can be chosen so that any 
t € [a, b] has a neighborhood V such that the set 7'(V) is contained in a bounded, closed 
convex set not containing 0. In what follows we always consider Lipschitz curves with 
bi-Lipschitz parametrizations. 

If to £ [o^i b] then we define the set of curve directions at 7 (to) as lim - — — --. 

te[a,6] 

1.2. Let F = 7([a,6]). Going counterclockwise, the analytic boundary F^ of C \ F in 
C contains the endpoint 7(6) = 7(6)"*" = 7(i)~, the left boundary F"*" = {7(t)'^ : t S 
(a, 6)}, the endpoint 7(0) = 7(a)+ = 7(a)~, and the right boundary F~ = {7(t)~ : t € 
(a, b)}. If J7 is a subset of F then we use the notation C/+ = {n+ : u £ U}, and similarly 
with U~ and U^. In particular, if Z// C C is open then the analytic boundary (F fi U)^ 
of U \ r in U will be an open subset of the analytic boundary F^ of C \ F in C. 

If/:^\F— >Cisa continuous function then we can consider its maximal continuous 
extension / to the analytic boundary ofU\T inU such that the domain of the extension 
intersects the analytic boundary in an open subset. In that case we define and /~ 
such that f~^{z) = f{z~^), and f~{z) = f{z~), wherever / makes sense. 

Lemma 1.3. Suppose thatU is an open set, f : U\T — > C is holomorphic and it extends 
to the analytic boundary (ZYfiF)^. Then, we claim, 

Bf = 7*1/ 

in distributional sense on U, where the measure 

.(t)^/-(7W)-^/^W)) 

Proof. Slightly prolonging 7, if necessary, we can forget about the endpoints. Further- 
more, the question is local, and we can assume that 7 is locally of shape 7(t) = t + iip{t). 
Then we can define the functions /^(x + yi) = f{x + yi — esgn(y — ^{x))) locally. For 
such functions the statement is a consequence of Green's theorem, because the first 
derivatives extend to the analytic boundary continuously. The general case follows from 
taking the limit e \ 0. □ 

1.4. We say that the simple curves 7, : [ai,bi] — > C (1 < i < p) and the points Wj 
(1 < j < q) form a curve system if the sets 7j([aj,6j]) are pairwise disjoint except 
at endpoints, the Wj are distinct and they do not lie in any of 7i([aj,6i]). Then F = 
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{wi, . . . ,Wq} [J\J-ji{[ai,bi]) is the supporting set of the curve system. The endpoints of 
the 7i and the points wj are the nodes of the curve system, the elements of the ^i{{ai, hi)) 
are the regular points. 

If the curves 7^ are Lipschitz curves then we say that the curve system is a piecewise 
Lipschitz curve system. A curve 7 : [a, 6] — >■ C is a piecewise Lipschitz curve if it can be 
cut into Lipschitz pieces. This happens if and only if 7([a, h\) is the supporting set of a 
piecewise Lipschitz curve system. 

We say that a curve system is a Lipschitz curve system if it is piecewise Lipschitz 
and 7i([ai, bi]) n7j([aj, bj\) / implies that 7i([ai, bi]) U7j([aj, bj\) is the supporting set 
of a Lipschitz curve, ie. the components of the curve system join as pieces of Lipschitz 
curves. If it causes no confusion then we rather call the supporting set F of a Lipschitz 
curve system as the Lipschitz curve system. 

From Lemma ll. 31 one can immediately deduce 

Lemma 1.5. Suppose that T is a Lipschitz domain, lA is an open subset of C, and f 
is a holomorphic function onU\T. Suppose that f extends to the analytic boundary of 
l/( \T inU continuously. Then we claim, 

Bf = 7*1^ 

in distributional sense on hi, where in regular points the measure v is locally given as 

... r(7(t))-/+(7(0) , ... 

iy{t) = d-f{t), 

such that 7(t) is a local parametrization of T, and v extends to the additional, finitely 
many nodes ofV as the zero measure (ie. u is a continuous measure). □ 

The relationship of Lemma ll.3l and Lemma ll.5l is typical for what follows: If we have 
a result concerning Lipschitz curves then it extends to Lipschitz curve systems with 
appropriate modifications. 

1.6. Using local charts Lipschitz curves and curve systems can be defined on any 
2-manifold M. If M is oriented then left and right transversal directions, etc. can also 
be defined. For us only the case M = C, the Riemann sphere, will be of importance. 

1.7. An open subset Z// C C is a Lipschitz domain if there is a Lipschitz curve system 
F C C such that W is a connected component of C \ F. We can consider the analytic 
boundary d^^li of U in C. The analytic boundary di^JJ and the ordinary boundary 
dU has the same number of components, but the analytic boundary is richer, there is 
a surjective continuous map f : ds.alJ —>■ dU. Topologically, each component of 9an^ 
is either a point or a circle. In fact, for each connected component Ki of 8^,^14 we can 
find an oriented boundary curve 7^ : [a, 6]a~b — > i^j, such that a.) [a, 6]a~6 is a possibly 
degenerate closed interval [a, h\ with the endpoints identified, b.) the underlying curve 
7j = f o 7j is a piecewise Lipschitz curve, although not necessarily simple, c.) lA "lies 
on the left" of 7^, in particular in case of a bounded lA it goes counterclockwise. These 
oriented boundary curves are unique up to bi-Lipschitz reparametrizations. 

2. Integrals of Cauchy type 

2.1. Let 7 : [a,h] ^ C be a Lipschitz curve. We define the associated logarithm function 
as 

log(7, z) = J ^^^^ _ ^ = log 17(6) - z\- log 17(a) - z\+i J d Arg(7(t) - z). 
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In fact, log (7, z) = log , where log is the unique branch of logarithm such that 

7(a) - z 

the function vanishes at 00. Regarding local behaviour, for z ~ 7('S), s G (a, 6) we see 
that 

- — 7(&) ~ z 

(1) log(7, z) = log + sgn(7, z)TTi, 

z-j[a) 

where log is an appropriate branch of log, and sgn(7, z) is +1 or —1 if z on the left or 
right side of 7, respectively. 




log(7, Z) = l0g^||4 = hg (S^) + TTi 



log(7, z) = log 
lib) 



2-7(1) 



iog(7,^) = iogf;5f=i^g(£^)- 



TTl 



fiz) 



Considering ([T|) it seems reasonable to extend the logarithm function io z = 7(5) € 
7((o, h)) by taking sgn(7, z) = 0. Indeed, we do so but we do not really consider 7(5) to 
be in the domain of log(7, z) but we use log(7,7(s)) just as a special expression when a 
formula calls for it. Notice that log(7,7(s)) can be understood as the Cauchy principal 
value of the defining integral of log (7, z). 

2.2. More generally, consider a finite Borel measure /U on [a, 6], and set 

^^it) 

lit)-z' 

Then the function f{z) has the following properties: 

a. ) f{z) is holomorphic on C \ F, f{z) vanishes at 00. 

b. ) \fiz)\ < ||/x||dist(z,r)-i. 

c. ) f{z) is a function of class Cf^^ {I < p < 2). 

d. ) f{z) can be understood in distributional sense, and then 

In particular, if such functions f{z) are given then the measure /i can be recovered. 

e. ) If s E [a, b] and ij stays in a closed sector not containing any curve direction of 7 
at 7(5) then 

lini?7/(7(s) +r/) = n{{s}). 

f. ) Suppose that / = [a, b] fl (n, v). If f continuously extends to the analytic boundary 
7(1)^ then 

H\l{t) =m{t)d-f{t) 

where 

(t) = /"W'))-/-H')>. 

27ri 

In particular, m is continuous. 
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g. ) Assume that (ai,6i) C [a,b] and n\(ai,bi)i't) = m{t)d'y{t) where m is Holder- 
continuous on (ai,6i). Then / extends to ^{{ai,bi))^ continuously. In particular, (f) 
holds on (ai, 61). 

Generalizing the case of the logarithm function here it is reasonable to set 

One can see that f('y(t)) is the Cauchy principal value of [ / ^ ^ — . Again, this 

Jt=a 7(0 - 2 

is a reasonable notation, but we do not consider ^(t) to be in the domain of f{z). 

h. ) Assume that [a,bi) C [a,b] and A*|[ai,bi)(i) = m(t)d'y{t) where m is Holder- 
continuous on [a, 61). Then 

f(z) = m{a) log(7, z) + f{z), 

where f{z) extends continuously to 7([a, 61))^. Similar statement holds around b. 

i. ) More generally, if m is a piecewise Holder continuous function, then the picture 
is pretty much the same except f{z) may have logarithmic singularities around the 
discontinuities of m. 

Proof, (a) and (b) are immediate from the definition, (c): On C \ supp7 the function 
f{z) is given as the convolution of the function z ^-^ and the compactly supported 
finite measure 7*//. The function z — ^ is of class Cy^^ {1 < p < 2), hence we see 
that f{z) is a function of class (1 < p < 2). (d): This convolution can also be 

understood in distributional sense. We know that the function 2; 1— > — is a fundamental 

_ _ _ ""^ 

solution of the d operator; from which —iT~^df{z) = 5 * (z 1— > ^) * j^:fi = ^^^n follows, 
(e) follows from a simple estimate, (f) follows from Lemma 11.31 and point (d). (g): We 
can assume that 7 is a short Lipschitz curve with the direction rj transversal, and m is 
Holder-continuous on [o, b]. Then for t ~ s, t ~ 0, t 7^ we see that 

/(7(t) + 4) = m{t) log(7,7(t) + lit) + [ - Mt) ^^^^y 

Ju=a 7{t) +r]t- -f{u) 

From that the local behaviour is immediate, (h): If m{a) = then f{z) extends 
continuously to the analytic boundary of C \ T for z ~ 7(a). One sees this immediately 
by slightly prolonging 7 at a and extending m as identically zero. Otherwise, we can 
write m{z) = m{a) + {m{z) — 'm{a)), so f{z) can be written as m(a) log(7, z) plus a 
function continuously extending to the analytic boundary for z ~ 7(a)- (i) follows by 
cutting 7 into pieces. □ 

A convenient lemma in the other direction is: 

Lemma 2.3. Suppose that m € C^{[a, b]), and f{z) is a function on C \ F such that 

a. ) f is holomorphic on C \ F, and f vanishes at 00; 

b. ) f extends to a distribution on C; 

c. ) if s € (o, then there are functions /"*" and f^ coming from continuous extensions 
of f to the analytic boundary on the left and right side of 7 respectively, and 



SPECTRAL CALCULATIONS ON LOCALLY CONVEX VECTOR SPACES 



7 



d.) for z=j{a) and z = 7(6) there exists a direction r] which is not a curve direction 
at z and 

lim ef{z + erj) = 0. 

Then, we claim, 

dl{t) 



(2) f{z) = I m{t) 



7(0 



Proof. Let temporarily g denote the right side of ([2]) . If g is such a function then due to 
I2.2[ f the distribution d{g — /) is a distribution supported at the endpoints of 7. Then 
consider r = (z 1-^ ^) * d{g — /). We see that r is a rational function with singular 
support at the endpoints of 7 at most, and one which vanishes at 00. Also, d vanishes 
on {g — f) — r. Then, from Liouville's theorem we see that g — f = r. Due to I2.2l e 
and condition (d) here we see that g — f has actually no singular support, consequently 
9-/ = 0. □ 



2.4. As an immediate consequence of this lemma we may deduce: 
a.) For 77, G N 

log(7,z)'^+i = / ^ ((log(7,7(i)) - (log(7,7(t)) -vri)'^+^) 



dl{t) 
lit)-z' 

b.) For \a\ < 1 

sinavr d'yit) 



1 / \ 1 f sinavr 
expalog(7,z) = 1 + / — - — exp a log(7, 7(t)) 



7(i) 



2.5. In the special case when [a, b] = [—1, 1] and j{t) = i it yields 
a.) For n G N 

f I f r. /I -A A ri-t\ \"+'\ dt 



b.) For \a\ < 1 



1 + 



sinavr /I — A " (it 



2+1/ 7 vr \l + t J t 



One can make similar statements concerning Lipschitz curve systems. There the role 
of endpoints will be played by the nodes of the curve system. 

3. Certain estimates and applications to Cauchy integrals 

A. First, we prove some estimates. 

3.1. Suppose that /i > is a measure on the set S and / : 5 — > [0, +00] is a measurable 
function. Then we define the straightening of / along n as the function : [0, 00) 

[0,+oo] given by 

= mf{y : n{f >y)< x}. 

Simply speaking, the straightening operation rearranges the values of / into a mono- 
tone decreasing function meanwhile it takes into respect that "how much a given value 
occurs" according to fj,. If > c) = +00, then the value c is discarded. Using 
step-functions it is easy to prove 
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Lemma 3.2. Let i^t >0 be a measure, and /i, • • • , /p be functions as above. 

a. ) Then 

I flit)... f pit) fi{t)< [ {fi\fi)ix)...{fp\f,)ix)dx. 

b. ) If the pairing is monotone in the sense that for all 1 < i,j < p and ti,t2 £ S 
fii^i) < fiit2) implies fj{ti) < /j(i2) then we have equality. □ 

3.3. We introduce some terminology, so we can formulate some technical statements 
about Lipschitz curves more easily. If 7 : [a, 6] ^ C is a short Lipschitz curve then we 
define the sets 



'^^(")^=ll7(t2)-7(a)| •^^^"1 ^ ^^=ll7(t2)-7(ti)| 

as the set of global curve directions at 7(a) and the set of forward directions of 7, 
respectively. We can consider the closed cone of curve directions M"*^ 0^(^)7 and the 
cone of forward directions M^A7. Let us denote the semi-angle of the cone M"'"A7 by 
a. This is always smaller than ^ for such a short Lipschitz curve. One can see that 
r\t>a^'y{a)l\[a,t] is the set of curve directions at 7(a). For s > we use the notation 
log"*" s = max(0, log s). 

Lemma 3.4. Suppose that ^ is a short Lipschitz curve as above, ^ € C \ (M"^ 0^(^)7). 
Suppose that the (minimal) angle between the direction of ^ and those of C^(^a)l *s 

a.) Let fit) = , ^(i) = |c?7(t)|. Let p be the angle between the direction 

of ^ and the axis of M~^A^. Let ai = p — [5. Notice that —a < ai < a. Let us set 
V'(t) = min(ttanai, |^| sin(ai + (3)) for t £ [0, cxd] and Fit) = 1 • Let 



A be -^^^ times the Lebesgue measure restricted to [0, 00). Then {f\p) (x) < (^F\X) (x). 
b.) We claim that 



I 



\dlit)\ < 



|7(t)-(7(a)+e)l' |e|/3cosa- 
c.) If the arc-length of j is i then 

1 17(*) -('(<.) +01 ^^{'^ m) ■ 

The latter two inequalities are monotone in a and [3, so they apply if the semi-angle 
of A7 is at most a, and the angle between the direction of ^ and those of 0^(^)7 ^-s 
at least (3. 



Proof, a.) We can make the assumptions that 7(a) = 0, the axis of M'^ A7 is the positive 
X-axis, Re^ > 0, and 7 is parametrized by its x coordinate. 
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|e|sin/3 

T-j /■ 




TV — ai — P 



One can see from the picture that f{t) < F{t) and |(i7(i)| < ^{t). From this the 
statement is immediate. 

b-) I[a,b] \dl{t)\ < /p^^-, and the latter term can be computed 

exactly. If ai > then the latter integral is composed of two pieces and integration 
yields 



(vr — ai — P) cos ai + sin ai ^ (vr — ai — /3) + sin ai ^ 



1^1 sin /3 cos a 



1^1 sin /3 cos a 



< 



vr 



1^1 sin /? cos a |^|/3cosa 



If «! < then there is one piece and it yields jIuwTT^^' which can be estimated alike. 



c.) Let Guj{x) 



cosai |c'("i+'^)-a;(l+itanai)| 

that F{x) < Gfi{x) < Gj^{x) if a; > 0. Consequently, 



151 sin P cos a ' 

. Let P = min(/3, f ). Then one can see 



1 



mt)\< F{t)\d^{t)\< G.{t)\d^{t)\ 



We estimate the last term. Doing that we can forget about the condition t > 0. Then the 
integral is maximal when |(i7(t)| is concentrated around |^| cos/3cosai, but the density 
relative to the Lebesgue measure is at most . Hence we can estimate as 

cos a 

dt 



< 



. cos a 



' 151 cos fi cos ai — cos a 

Using |ai| < a and ^ < sin/3 we can continue by 

2 



: ar sh - 

cos a cos a 2|^| sin/3cosai 



< 



2 , 
ar sh ■ 



cos a 



mp 



< 



cos Q 



1 + log^ 



TTi 

mp 



□ 



Lemma 3.5. Suppose that ^ is a short Lipschitz curve and is a transversal vector in 
angle > 6. Let e, c > 0, to £ [o--, Set s = 7(to) + '<'{s) = 7(^0) — ce^. 
Then, we claim, 



1 



1 



aM \l{t) - s\\^{t) - r{s)\ 



\dl{t)\ < 



\r{s) 



s \ sm 



Proof. We cut the interval [a, b] into pieces [a, to] and [to, b]. For each piece (with possible 
change of orientation) point (b) of the previous lemma applies with the choice a = f — ^, 
P = 9. Adding up the estimates on the pieces and applying sinO < 6 we obtain 

1 , , / M 27r f 1 , , , 27r 



/ 

J la 



,6] hit) - 



esm 



[aM hit)-r{s)\'^ 



ce sm 
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Applying the Cauchy inequality we obtain the estimate < 




Substituting 



e = — s\ the statement follows. □ 

3.6. Now we generalize the statements above to Lipschitz curve systems. If F C C is a 
Lipschitz curve system, w (zT then we can imagine the constituent curves of F as follows: 
We have short Lipschitz curves 7 : [aj,6j] — > C (1 < z < p) such that ^i{ai) = w, and 
the sets A'ji are pairwise disjoint. We say that these curves form a star system around 
w. Apart from these there may be other constituents of F but these do not affect the 
local structure around w. We often consider star systems as above for the purposes of 
local analysis. We generally denote the maximal cone semi- angle of the M^A7j by a, 
and we set = IJiLi C^ji- 



Lemma 3.7. Suppose that we have a star system around w as above. Assume that C 
is an open cone from C \ {0}. Also assume that the angle between any vector in C and 
any vector > p. (See Figure A.) Then, we claim, for any ^1,^2 £ C* 




Figure A. Figure B. 

3.8. Consider a star system as earlier. Let p > 2, so that we can formulate the statement 
in simpler terms. We can assume that the 7j are listed such that sets A7j come in 
counterclockwise direction. Suppose that u'^,u~ are unit vectors such that u"*" points 
between C^7i and 0^72, and u~ points between Cu,7i and C^^p. In other words M"'"u"'' 
and M"^M~ close 71 together from left and right. We can assume that the angle between 
M"''C^72 and M+u"'' is > /3, the angle between M+u"*" and M"''Ct(,7i is /J"*", the angle 
between M"'"Cuj7i and M+u" is /3~, the angle between M+u~ and R"'"Cu,7p is > f3. We 
also assume that m"*" and u~ are in angle < (f> < from the axis of ffi'''A7j. We define the 
"sector" as the open set between the curve 71 and M+u"'", and the "sector" U~ as the 
open set between the curve 71 and M+it~. These sets are not completely well-defined, 
but they are quite well-defined in a sufficiently small neighborhood of w, ie. locally. So, 
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we just use ?7+ and U~ without further ado, although what fohows works only locally. 
(See Figure B.) 

Now, we can define a sort of reflection map r : C/+ U~ as follows: Take a point 
s G f/"^, then draw a line perpendicular to the axis of A71. Suppose that this line 
intersects 71 at sq. Then we set r{s) = sq + c(so — s), where c is a positive constant. 



One can show that if c < 



2tan()3^/2) 
tan 4>—tan{f3+ — 



then the map indeed goes U . The very 



crude estimate \s — r{s)\ < 2 tan i;^y|s||r(s)| also holds. 
Lemma 3.9. 



p 

E 

i=l 



1 



hi{t)-s\hi{t)-r{s)\ 



\d-fiit)\ < 



G 



where 



_ 2^(cV2 + 27r(p 
G — h 



r{s) 
1) tan 6 



cos^ a 



(3 cos a 

Proof. From Lemma 13.51 we can estimate the term i = 1, from Lemma 13.71 we can 
estimate the terms i > 1 directly. □ 

Regarding to the situation above we say that is a sector siding 71 from the right, 
and U~ is a sector siding 71 from the left. One can notice that if is siding 71 then 
so do the sectors obtained by closing to M"''C„,7i, and similarly for U~ . 

Lemma 3.10. Suppose that j is a short Lipschitz curve. Let w £ C be arbitrary, 
c > 0. Let f{t) = \og~^ |^^^^^_^| , = 1^7(^)1, here S = j{[a,b]). Suppose that I is the 
arc-length of the curve. Then, we claim, 

2 

{f\lJ-){x) < X[o,e){x) log+ . 

Proof. We can assume that 7 is in arc-length parametrization, [a, 5] = [—i/2,i/2], the 
axis of M"'"A7 is the x axis, Re7(t) is monotone increasing. Let s = to if Re 7(^0) = Retf, 
s = £/2 if Re 7(^/2) < Re-u;, s = -£/2 if Rej{-e/2) > Rew. Then |7(/) - w\ > 
I Re7(t)— Rewl > cos a|t— s|. In particular, it is enough to consider F{t) = log"^ |t-~s|^cosa 
instead of f{t) on [—i/2, i/2]. The straightening of F is maximal when s = 0, and it 
yields the formula in the statement. □ 

Lemma 3.11. Suppose that j is a short Lipschitz curve. Suppose that I is the arc-length 
of 7. Let wi, . . . , Wn € C, and c> be arbitrary. Then 



c + 



log 



1 



hit) 

<nli 



- Wl 

1 + c + log 



c + 



log 



1 



Wr. 



: cos a 



hit) 

+ log+ H 



\dlit)\ < 



holds, where H = max{|7(i) — Wi\ : 1 < i < n, t € [a, 6]}. 
Proof. If {ii, . . . , ip} is a subset of {1, . . . , n} then 



log"* 



1 



hit) 



Wi 



■ ■ ■ log"* 



1 



hit) 



\diit)\ < / X[o,£)(^)log 



X cos a 



dx 



(3) 



< 



p\ u 



log^ 



ncosQ 



<n\e(l + log^ 



: cos Q 



u=0 
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Using c 



log 



< c + log"' 



1 

\iit)-m\ 



+ log"*" H we can decompose our original 



integral, and from ([3|) we obtain the estimate in the statement. 



□ 



Lemma 3.12. Suppose that T C C is a piecewise Lipschitz curve system, n E N. Then, 
we claim, there exist a number Cr,n > such that for any Lipschitz curve 7 lying in T 
and wi, . . . ,Wn EC, c > arbitrary the inequality 



c + 



log 



1 



m - 

< Cr,n 



log 



1 



1 



hit) 



\dl{t)\ < 



1 + c + log+ - + log+ H 
holds, where H = max{\^{t) — Wi\ : 1 < i < n, t E [a, b]}, and £ is the arc-length of j. 
Proof. This follows from the previous lemma by cutting T to small pieces. □ 
3.13. One can similarly estimate 

(c + |7(t) - . . . (c + hit) - wn\-''-) \dj{t)\ 

where < Oj, < 1 and many other functions. The concrete examples above are 

also easy £^-estimates. 

B. Applications to integrals of Cauchy type. 



Proposition 3.14. Consider the situation of \2.SX 

j.) Assume that {ai,bi) C [a, 6] and /i|(ai,6i)(*) = m{t)d'y{t) where m is continuous 
on (ai, 61). Then we claim: If f extends to 7((ai, bi))~ continuously then it also extends 
to 7((ai, ^i))"*" continuously and vice versa. In particular, (f) holds on (ai,6i). 

k.) Suppose that on [a,bi) C [a, 6] and li\[a^hx)if) = 'ni{f)l{t), where m{t) is con- 
tinuous. If rj stays in a closed sector not containing any curve direction of 7 at 7(a) 
then 

f{l{a) + ri) , . 

- = —m[a). 



lim 



log I 



Proof, j.) Due to the local compactness of 7(([a,6]))+ it is enough to show that the 
infinitesimal oscillation of / near 7(5)"*" (s E («,&)) is 0. Suppose that the direction ^ is 
transversal to 7 in angle > 6 in a neighborhood of 7(5). Suppose that [02, 62] is an even 
smaller neighborhood of s such that maxfg[a2,fe2] — m{t)\ < 6. We see that 

/(7(s) + = f{j{s) - O + m{s) log(7, 7(s) + u^) - m{s) log(7, 7(5) - <) 



+ 



/ 

J\a. 



b]\[a2M 



1 



1 



+ 



7(t)-7(s)-< lit) - j{s) + 
1 1 



(m(t) — m(s)) d'y{t) 
{m(t) — m{s)) d7(t). 



[aiM V7(i) - lis) - ui 7(t) - 7(s) + <^ 

After the equality, as a function of 7(5) + u.^, every term extends to 7([a2, 62])"'" con- 
tinuously, except the last one, but which, according to Lemma 13.51 we can estimate by 
.^?[ „ (5. This shows that the infinitesimal oscillation of f near 7(5)"*" is at most „ (5. 
The 6 can be arbitrarily small, so we see that the infinitesimal oscillation of / near 7(8)"*" 
is actually 0. 



SPECTRAL CALCULATIONS ON LOCALLY CONVEX VECTOR SPACES 



13 



k.) Suppose that [a,bi] C [a,b] is so small that 7|[a,fei] is short and the semi-angle of 
-^7l[a,6i] is «• Let [0,62] C [a,b] be even smaller so that maXf^^f^i,^] hit) — 7(a)| < 6. 

fhis) +r]) = m{a) log(7, 7(a) +??)+/ {m{t) - m{a)) ^J^^K , 

J[a,b]\[a,b2] - (7(a) + b*) 

Dividing by log we see that in the right side of the equation the first term has the 
required asymptotic behaviour, the second term goes to zero as we divide a bounded 
quantity by a logarithmic one. According to Lemma l3.4l c. the limsup of the absolute 
value of the first term divided by log \r]\ is less or equal to Choosing 6 well, this 

latter term can be arbitrarily small, so the statement follows. □ 

3.15. Let us consider a star system T as in point \3M Assume that mj : [aj,bj] C 
are continuous functions. For 2; S C \ F let us define 



Proposition 3.16. Suppose that C is an open cone from C \ {0}. Assume the angle 
between any two directions from C and Ay^ is > /?. Suppose that wi ^ w + M+A, and 
f{z) is bounded on the open segment T connecting w and wi. Then, we claim, 

«J Ej=l = 0- 

b.) f{z) extends continuously to the analytic boundary ofw + C. 



Proof, a.) Let n = wi—w. According to Proposition l3.14l k lim — — = — > m(ai), 

e\o loge|"l 



j=0 

but which has to vanish according to the boundedness of / in the expression. 

b.) The statement is already known except for around w. We can assume that w = 0. 
We can assume that C is so small that the angle between any two vectors in C is < ^. 
Let L be a linear map sending C into M^wi \ {0}. Choosing it well, we can assume that 
there is a positive number c such that for z € C we have \z\ < c\L{z)\, \L(z)\ < c\z\. Let 
us chose bi such that ai <bi < bi and 

max _ \'mi{t) — mi{ai)\ < 6. 

l<i<p,t£[ai,bi] 

Now, for z € C 

p p 

1=1 i=l 

P 



i=l 



+ I {m{t) - mi{ai)) ( — -- ^ r(s ] d7i{t)+ 



+ [ _ {nT-iit) - mi{ai)) ( —7^ aa^TTT I 

Then, on the right side of the equation every term is continuous on C except possibly 
the last one. According to Lemma 13.71 the absolute value of the last term 



< 
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< 8\m - z\ ^ — < ^.vii^±^,, 

\J\z\ |L(z)|/?cosa /3cosa 

In particular, the infinitesimal oscillation of / on C around w is less or equal than 
twice the value above. Now, 5 can be arbitrarily small, so we know that / extends 
continuously. □ 

Proposition 3.17. Suppose that the sectors C/^ and U~ are siding 71 from left and 
right respectively. If f extends to the analytic boundary of U~ continuously then it also 
extends to the analytic boundary of continuously. 

Proof. It is similar to the previous ones, but we have to use Lemma 13.91 □ 

4. Rational functions and related identities 
Here we collect some identities of rational functions on C. 

Lemma 4.1. Suppose that wi,W2,z are three different points in C. Then 

a. ) 

11 11 11 
= + . 

Wl — Z W2 — Z W2 — Wl Wl — Z Wl — W2 W2 — Z 

b. ) For n G N, 



1/1 1 



n 

y - 



w\ — W2 yiwi — z)" {w2 — z)" J {wi — z)^ {W2 — z)" •'+^ 

c.) For ni,n2 G N 



1 + n2 



ii 



{wi - z)'"i+Ht(;2 - ^ jln2\ {w2 - wi)''^+^+'^{wi - 

^ j!ni! {wi - t(;2)"i+"''+^(u^2 - z)'^2-j+i ' 

Now assume that 7 : [o, 6] — > C is a Lipschitz curve, T = 7([a, 6]). Drawing on the 
basic integral formula we can get finer statements. In what follows z £ C\T. 

Lemma 4.2. a.) Suppose that ai,bi € [a,b] and n>l. Then 

—n d'y{t) 



(7(61) - zY (7(01) - zY Jt=a, (7(i) - zr+^ 
b.) Suppose that ai,6i G [a, 6] and 

n n (7(ai)) n ll{bi)) 

modulo 0{w^^"^) as w 00. Then 

n ^{l{bi)) n g(7(«i)) ^ftj / " _ l\ 

^ (7(M-.M " § {i{a,)-zy = V§ [j - 1 j (^(t) - ■ 
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c.) Suppose that a < ai < bi < b and ni,n2 € N. Then 
1 



(7(01) - z)"i+i(7(6i) - z)"2+i 

^ r^i (m + n2 + 1)! (7(0 - 7(fli))"^ ilih) - i{t)r' djjt) 

Jt=ar niW- (7(^1) -7(ai))"^+"^+^ (7(t) - z)"i+"2+2 ■ 

Next, we are going to examine superpositions of the identities before. 

4.3. Suppose that K and S are T2, M2, locally compact topological spaces, and we assign 
to each point s & S a measure i^s on K. We say that this assignment is continuous if 

a. ) the variation map s 1-^ is bounded and continuous; 

b. ) the map s 1— > z^<j is weakly continuous on S. 

In this case, if /i is a measure on S then we may form the parametrized measure 

9(t,s) = iys{t)fj.{s), 

on 5 X r, most readily to be defined as a Radon measure. Integrating in the variable s 
we obtain the superposition measure 



e{t) = / Mt)fi{s). 

J s 

In fact, both the parametrized and the superposition measures can also be taken if 
s I— > z/s is not necessarily continuous but S" is a disjoint union of the Borel sets Si^. . . ,Sp 
such that on each of them s 1— > i^s is continuous, and the Sj are T2, M2, locally compact 
spaces themselves. 

Now, \iv[t) is a bounded continuous, locally convex vector space valued function then 

(4) j (I v{t)vS)^ fi{s) = I v{t)e{t,s) = I v{t)e{t). 

We will consider superpositions only in very special cases, where the general arguments 
above can also be carried out by more direct means. 

4.4. We introduce the measure on [a,b]. We define the function Xa,b{x) such 

that Xa,b{x) = X[a,b]i^) if a < Xa,b{x) = if a = 6, and Xa,b{x) = -X[b,a]{x) if b < a. 
Then we set 

^aLit) = -Xa,Mit)dl{t). 

With this notation 

,(7) 



nO™ (t) 

0.1,01 ^ 

(7(61) -z)" (7(ai)-z)" J (7(t)-z)"+i' 
The map (ai,6i) 1— ^^aibii^) continuous in the sense of 14.31 

Lemma 4.5. Suppose that fi{t) is finite measure on [a,b]. Suppose that to € [a,b], 
n G N. Then 

Kt) _ Cn ^ f nd{t) 



(7(0 -z)" (7(to)-z)" J {-i{t)-zY+^' 
where 

\{s) and 9{t)= fnl^UtMs). 
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More explicitly, 6{t) = p{t) d'y{t) where p{t) 



/ m(s) if t <to 

J s=a 
rb 

fi{s) if t>to. 



s=t 



4.6. Similarly to the additive case, let us define the measure E^^_^^^'"''^\t) on [a,b] as 
follows: If ai < bi then we set 



^(7,m,n,).,, (ni + n2 + 1)! (7(t) - 7(qi))"H7(^i) - 7(^))"^ , 

if oi = 6i then we set = da^(t), the one-point measure at t = ai; and if 

ai > hi then we define = Then 

-, ^ ■j(7."l,"2)/,\ 

1 / ^ai,bi l^'J 



(7(01) - Z)"l+l(7(6i) - Z)"2+1 7 (^(t) _ 2)ni+n2+2- 

The map (ai,6i) i-^' H^^'^^^'"^^ is continuous in the sense of 14.31 on the sets = 
{{x, y) G [a, b] x [a, 6] : x < y}, A = {(x, y) G [a, 6] x [a, : x = y}, and A~ = {(x, y) G 
[a, X [a, 6] : a; > y}, separately. Indeed, only the boundedness property is nontrivial, 
but from the bi-Lipschitz property we obtain |[ < (C2/Ci)"i"'""'2+-'^. 

Lemma 4.7. Suppose that /ii, ^2 o'^e finite measures on [a, ni,n2 G N. Then 

fJ-(t) f W(il) f fJ'2{t2) 



(7(t) - z)'^i+"2+2 _/ (7(ti) - J (7(i2) - z)"2+i 

/loWs with 

i^{t)= I E^;i:^^'--\t)MsMs2), 

J {si,S2)ela,b]x[a,b] 

ie. a superposition with respect to the product measure x /i2- 

4.8. The next step is to pass from Lipschitz curves to Lipschitz curve systems. In these 
cases, however, the normalization processes are not entirely canonical. 

We start with the additive case. Suppose that F C C is a connected Lipschitz curve 
system, sq G T. Then we can construct a choice function : T ^ <I>, such that 

a. ) <I> is a finite set of possibly degenerate Lipschitz curves 7i : [a^, 6j] ^ C (1 < i < p) 
lying in F; 

b. ) if 4){s) = 7i then {sq, s} C 7i([aj, bi])] 

c. ) (f) is a Borel function. 

We define the measure il^^^s as (7i)*0^T!w n _i/ n if Ms) = 7^. The map s 1-^ ^^£'s is 
such that we can consider superposition in the sense of I4.3t 

Lemma 4.9 (Additive reduction). Suppose that P C C is a connected Lipschitz curve 

system, i^o G P, n G N, and the map s 1— >■ ^^},s is constructed according to a suitable 
choice function (j). Suppose that fi is a measure on P. Then 

H{w) _ On _^ f n9{w) 



{w — z)" {wq — z)^ J {w 

where 

\is) and 9{w)= [n(fl{w)ti{s). 
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// <j) is piecewise constant on T then 9{w) = p{w)dT{w) piecewise, where dT is the 
natural variation measure oriented in some direction and w{s) is an integral function of 
fj,{s) in the same direction. 

4.10. We can deal with the multiphcative fohows: Suppose that F C C is a 

Lipschitz curve system. Then we can construct a choice function (j) : T x T ^ ^, such 
that 

a.) $ is a finite set containing the empty set and possibly degenerate Lipschitz 
curves 7i : [aj, 6i] — > C (1 < i < p) lying in F; 
bi.) if (j){si, S2) = 7i then {si, S2} C 7i([ai, bi]); 

b2.) there is constant c > such that </>(si, S2) = implies |si — S2I > c; 
c.) (/) is a Borel function. 

(The most natural case is when 0(si, S2) = if and only if si and S2 are in different 
connected components.) 

We define the measures '^^'^''^^'k'^^ (1 < /c < ni + n2 + 2) such that 

^ni+n2+2,fc (7i)*S^'pl"^;"!j-l(^^) if Hsi,S2) = Ji 

((j),ni,n2) _ J "1 / . I Me* ' s "2 / . I MX c 

jW- (S2 - si)"2+J+i ^ j\ni\ (si - S2)"i+J+i '^^^^^'^^^ 

Then the maps (si, S2) 1— > 'E^J^'^^'J^^\s) are such that we can consider superposition in 
the sense of 14.31 

Lemma 4.11 (Multiplicative reduction). Suppose that T C C is a Lipschitz curve 



system, fii and /i2 are measures on it. Suppose that the map (si,S2) 1— > ^^J^''^l'k'^\s) 



IS 



obtained according to a choice function (f) as above. Then 

ni+n2+2 



m(gi) / ^2(^2) = V / 

{si-zr^+^J (s2-z)"2+i A. y 



^fc(s) 



where 

Ok{s) 



{si,s2)erxr 



The following statements deal with global conformal transformations. 

Lemma 4.12. Let /i : C — > C be a conformal map, h{z) = ff^, ad — be ^ 0. 
a.j Ifw,h{w) £ C, z ^ w, h{z) S C then 

1 c ad — be 1 

+ 



zz; — z + d (cz« + dY h{w) — h{z) 

b.) Suppose that T <Z C is a Lipschitz curve system, ^ is a measure on F. Assume 
that h{T) C C. Suppose that z G C \ F and h{z) € C. Then 

fi{w) [ (^\ ( ^ X""-? / ad — cd \-' l^{w) 

{w-zY ~ fr^QJ \j) \cw + d) \{cw + dy) {h{w)-h{z)y' 

For the purpose of the following statements let C C be a simply connected Lipschitz 
domain with oriented boundary curve 7 with underlying curve 7 : [a, b]ar^b C. 
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Lemma 4.13. For any polynomial P with degree < n — 1 

P(7(t)) , = 0. 

(lit) - -2)"+ 

Lemma 4.14. Assume that f : U ^ C is a holomorphic function which extends to the 
analytic boundary oflA continuously. Suppose that f : [a,b]a^b C gives the boundary 
values in the sense that at ■j(t) the extended value is f{t). Suppose that n G N, 2 G C\U. 
Then 

fit) ^^(^^ = 

Lemma 4.15. Suppose that n > 1, z £ C\U , to G [a,b]/{a ~ b}. 
a.) If w & U then 

dlit) 



where log(7(t) — w) is a branch such that it is continuous on {[a,b]/{a ~ 5}) \ {to}- 
b.) If fj, is a measure U and z G C\ll then 

u(w) 1 /" / \ 1 /" / \ IJ-iw) d'y(t) 



{w - zY (7(^0) - 2)" 7 27ri 7 ' ' ' (7(t) - 

assumed that i.) for a fixed w the function r{t, w) = log(7(t) — w) is a branch such that 
it is continuous except att^, ii.) r{t,w) fi{w) d'yi{t) is Lebesgue integrable. 
Such choice functions r(t,w) can always be found. 

5. Normal forms of slowly growing holomorphic functions 

5.1. Let C = C U {00} be the Riemann sphere. Suppose that T C C is a closed set. We 
define lir as the set of functions / such that a.) / is holomorphic on C\r; b.) / is slowly 
growing around F, ie. there exist n € N, and K > such that |/(2;)| < K distj7(z, F)"", 
where dist^- is the distance function according to a Riemannian metric on C. The growth 
condition says that / grows around F polynomially with exponent at most n. (If F C C 
then this local condition can be checked using the ordinary Euclidean distance function 
dist.) It is easy to see that Hr is an algebra, the algebra of slowly growing holomorphic 
functions on C \ F. We will be interested primarily in the very special case when F is a 
Lipschitz curve system. 

A. First we examine the case of Lipschitz curves on C: 

5.2. Let 7 : [o, 6] ^ C be a Lipschitz curve, F = 7([a,6]). A function / G TCr has a 
power series expansion around 00: 

We define the operation of global primitive function M if cq = ci = 0. Then M f{z) is 
the primitive function which vanishes at 00: 

It is easy to see that M f is still in T^r- It is often useful to write the expansion around 
infinity in terms of z — p, so 

Sp) Jp) Sp) Jp) 

/(z)~4^) + ^ + -^^ + -^^ + ... + -^^ + ... 

p — z [p — zy [p — zy [p — z)"' 
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We can notice that Cq'^ = cq and c^f'^ = c\ but the other terms do vary. Neverthe- 
less, c[f^\ . . . , Sn^^ can always be expressed from c>^^\ ■ ■ ■ , Cn^\ They encode the same 
information, the asymptotic expansion modulo 0(z^"~^). 

5.3. Suppose that n G N, /i is a measure on [a, b], such that 

n ^{7(io)) 

In this case we say that f{z) is written in a simple (n + l)-normal form with base point 
7(to)- A priori we do not ask that c^.'''^*°^^ should be understood in the sense of the 
previous point, but it is easy to see that they must be the same. It is reasonable to say 
that f{z) allows a simple (O)-normal form if f{z) = cq, independent of base points. 
More generally, if /ig, • • • , /^n+i are measures on [a, b] and 

n+l ^ , . 



m = E / 



(lit) - 



then we say that f{z) is written in an (n + l)-normal form. 

On the other hand, we may also notice that if a function is of shape like above then 
it is a slowly growing holomorphic function, in fact, of exponent n + l. 

5.4. A simple (n)-normal formal is certainly an (n)-normal form. On the other hand, if 
f{z) allows an (n)-normal form then it allows a simple (n)-normal form with any base 
point in 7([a, 6]). Indeed, the measure ^uq can be gathered into a constant cq, then by 
induction, using Lemma [4. 5t we can push the measures up to the (n + l)-th level, except 
the singular term in the base point. In fact, this gives a well-defined reduction process, 
whose validity is based solely on Lemma |4.5[ 

Proposition 5.5. Every f € "^^([0,6]) allows a simple (n) -normal form for certain n. If 
n and the base point are fixed then the simple normal form is unique. 

Proof. First we prove unicity. The cj''*"^ are determined by the power series expansion 
of / around infinity. Then it is enough to show that / (^(^|^*'*)n+i determines /i. Indeed, 
its n-th primitive function is ^ / ■y(^t)-z ' ^^o™ which fi can be recovered according to the 
9-formula, I2.2i d. 

Existence is as follows: If f{z) is of exponent n — 2 then locally its n-th primitive 
function extends Lipschitz continuously to the analytic boundary. However, there are 
obstructions to have a global primitive function. For that reason we take the global 
n-th primitive function g{t) of f{z) — ^^^=0 '(^^^zjjl ■ We see this primitive function 
locally Lipschitz continuously extends to the analytic boundary except at 7(to)^- Let 
m{t) = ^{g~^{z) — g~{z)). This is a locally Lipschitz function except at 7(io)- If we 
choose another to and proceed with that then we see that the difference g{z) — g{z) in 
the n-th primitive functions is tJ. I ^Xy{io)Mto)(^^ (^"=1 ^ow, 
m (m) can be recovered from g (g) using the d operator, and which yields fh — m = 
^"'^^(to) 7(to)(^) (Sj=i (j-i)'^i^(*)"~'') • 1^0™ that we can see that the discontinuity of 
m{t) is not at all too bad, m{t) is a piecewise Lipschitz function. Let h = X]j=o {^{t)-z)j 
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B. Next, we assume that F C C is a Lipschitz curve system. 

5.6. Suppose that Tj (1 < j < 6o) are the connected components of T. Let Wh G be 
chosen. If with appropriate n, constants c^^^\ and a measure ^ on T 



then we say that f{z) is written in a simple (n+l)-normal form. Similarly, if • • • > f^n+i 
are measures on T and 



then we say that f{z) is written in an [n + l)-normal form. 

5.7. For Lipschitz curve systems things go in similar manner: (n)-normal forms can 
be reduced to simple (n)-normal forms by Lemma 14.91 every element / of Hr allows a 
normal form, etc. There is, however, one important difference: it is not true that (the 
Wh chosen) the simple normal form is unique. First, the constant terms Cq""'^ can be 
accumulated into a single constant term. Apart from that, the higher c^'"''^ are fixed, 
because they are obstructions to taking the j-th primitive functions around F/j . (In fact 
the Th can be nested so that one encloses the other one but we can go in the inside-out 
direction.) But the ^ can also be a source of ambiguity. Assume that n > 1 and F 
contains a cycle C,. Assume that P is a polynomial of order < n — 1. Then 



Clearly, a term P{C) dC, can be added the measure-term /i without consequences. Let 
h\ be the number of independent cycles in F. Then due to the reasons above we have 
already found a 



dimensional family of simple normal forms. What is true, however, is that by this we 
have already recovered all simple normal forms for /. 

5.8. From the discussion above we see that for each / G TYr we can define number 
S(/) £ N which is the smallest natural number n such that / allows a (simple) (n)- 
normal form. It is immediate that S gives an additive filtration of in particular 



with equality if S(/) ^ S{g). What is not so obvious is that it also gives a multiplicative 
filtration in the sense that 






{bo - 1) + (n - l)6i 



S(/ + <7)<max(S(/),S(g)) 



S(/ff)<S(/) + S(<7). 



This, however, follows from Lemma |4.11[ 



C. Extension to C. 
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5.9. Suppose that /i : C — > C is a conformal map, F C C is a Lipschitz curve system, 
and /i(r) C C. Suppose that the function f{z) G Tir has an (n)-normal form as above. 
Then Lemma l4.12[ b can be apphed and we find that 



with appropriate measures fl^- Substituting z = h ^(s) we can immediately see that 



In other terms, the new coefficient measures belong to an (n)-normal form of the function 
/ o with respect to the curve system h{r). 

5.10. The argument above, of course, works in a reversed way: if we know that / o 
h^^ allows a (simple) (?i)-normal form with respect to h{T) then we may consider a 
generalized (simple) (n)-form of / with respect to T: 

Assume that F C C is Lipschitz curve system and / G 7ir- Then we can define 
appropriate normal forms as follows: Suppose that /i : C ^ C is a conformal map such 
that h{T) C C. Then / o h^^ g T~(-h{r)j it allows, a normal form 



So, we see that generalized (simple) normal forms can be defined similarly to (simple) 
normal forms but substituted by , , / , , s . 

w~z -J h{w) — h(z) 

5.11. The importance of point [5^91 beside providing inspiration is that it immediately 
shows that S(/ o h~^) above does not depend on h as long as h{T) C C. Consequently, 
the filtration S extends to general 7ir, and S(/) is conformal invariant in the sense that 
S(/) = S{f o h~^) with h arbitrary. 

The concrete form of h is not really important here. In order just to indicate what 
kind of statements we may obtain this way we state 

Proposition 5.12. Suppose that 7 : [a,b] — > C is a Lipschitz curve, T = 7([a,6]), 
/ S 7ir- Suppose that p S C \ F, to ^ [o, Then for n + 1 > S(/), we claim, there are 
unique coefficients Cj and a measure /x on [a, b] such that 






Then by defining the measure fik = {h ^)*/xfc we find that 





j=0 



n+l 



where 



1 



i/7(to) €C 



7(^0) - z 



< 



= 00 
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and 

( 1 



^(7(i), 



1 



if p = oo 



,7(*o) - 2 
('ie. a generalized simple normal form). 

Analogous statements hold for general Lipschitz curve systems T. 

Proof. Indeed, the case p = oo is what we have studied before. The case p € C follows 
from taking h{z) = □ 

D. Preparation for the locality argument. 

5.13. In what follows we give a recipe for manipulating certain measures. Although it 
involves choices the method itself is quite well-defined: 

Suppose that F C C is a Lipschitz curve system, C \ F = Vi U V2, where Vi, V2 are 
open, and V2 contains the infinite component of C \ F. Assume that / € 7ir such that 
/|v2 = 0. Now suppose that fiQ, . . . , jin are measures on C such that they are supported 
on F and 

IJ'kiz) 



m = E 



,w — z) 



k ■ 



Suppose that the connected components of U = int Vi are Ui, . . . ,Up. Our first step 
among the manipulations is that we cut up the Uj with some Lipschitz curves such that 
it yields simply connected Lipschitz domains Uj . We can choose the cutting curves such 
that they are pairwise disjoint simple curves connecting regular points of F. We do that 
for all j such that 1 < j < p. Let F' = Fcxt U Fcut 1 where Fext = dV2 and Fcut is the 
supporting set of the cuts. The curve system F' has nodes of two type: there are the 
old nodes coming from F and there are the new nodes coming from the cuts. 

In the second step, we push the measures fJ-jl^. to the boundary and we sum them 
up. Let 

fe=i ^ ^ j=i k=i^ ^ ' k=i ^ ' 

where the latter two terms are obtained according to Lemma 14.151 b. At this point, the 
supporting set of the measures is F'. We know that /(z) = = (7(2;) for z G V2. 
In the third step, using appropriate additive reduction we have 

where the are from different connected components of F'. Due to residue behaviour 
the Cj^h vanish, so 

(5) 9{z) = f 

Because of the nature of additive reduction and the properties of 9n we know that 
locally fj-{w) = p{w)dT' (w), where dT'(w) is the variation measure of F' with piecewise 
constant orientation, and p{w) is a piecewise continuous function. We can assume that 
the discontinuities happen only at the nodes of F'. 
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Lemma 5.14. Consider 

h{z) ' 



w — z 

which is n\ times an n-th primitive function of g{z). 

We claim that h extends to the analytic boundary of C\T' . If the jj is the oriented 
boundary curve oflAj , hj are the corresponding extended values, and jj are the underlying 
curves of then 



(6) s{z)=i:^Jh,{t) 



Proof. First, we claim that h{z) extends continuously to the analytic boundary of C\r'. 
Indeed, if s is a regular point of V , then s bounds V2, on which side h{z) is a polynomial, 
so by Proposition l3.14l /;.(z) extends to the other side continuously, too. If s is an old node 
of r' then the argument is similar, except we have to use Proposition 13 . 1 7l At new nodes, 
we claim the behaviour is not far from regular points. Indeed, let us slightly relocate 
the cut, then we obtain T' and h. Then s is a regular point of T' and the difference h — h 
is locally polynomial. This indeed proves the existence of the continuous extension. 
Now consider 

1 ft dljjt) 



lit) 



This is equal to h{z) but on V2 where it vanishes. Nevertheless h — h is a polynomial 
of degree n — 1 on the components of V2. In particular, taking n-th derivatives and 
dividing by n! we obtain ([6]). □ 

The fourth step of our manipulation process is to replace the normal form ([5]) by the 
normal form Notice that this replacement can be done by an additive reduction 
process, no matter how we argued for the existence of the normal form ([6]). 

6. ArITHMETRICS OF MULTIVALUED LINEAR OPERATORS 

6.1. A multivalued linear operator A on a vector space 23 is simply a linear subspace 
of 23 X 03. If A is a multivalued linear operator and a, b,c,d(z C, then we may form the 
multivalued linear operator 

aA + b 



cA + d 



{{ay + bx , cy + dx) : {y,x)(^A}. 



This yields an associative PM2(C)-action on multivalued linear operators. In simple 
cases we still use the colloquial notation aA, A + b, b + A, A~^, {cA + d)~^ , etc. We have 
to keep in mind that the definition is a matrix action, so a + is to be imagined as 

at least three consecutive matrix actions {A 1-^ A~^, B ^ttbi C i— > a+C) executed but 
which, naturally, also simplifies according to the associativity of the action. The only 
possible source of confusion is when a = c = because then we have to keep in mind that 
we started with A. So, in that case it is better to write ^'^^^ . If ad— 6c = then we have 
a restriction of one of ald^j = {(aa;,x) : x G 93}, a € C or ooldtjj = {(x,0) : x G 93}. 
If ad — 6c 7^ then we have bijective correspondence of multivalued linear operators. If 
h{z) = is the corresponding conformal map on the Riemann sphere, then we use 
the short notation hi{A) = 
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We say that the multivalued linear operator A is an (not necessarily everywhere 
defined) operator, if (y, x) ^ A, x = implies y = 0, ie. its values are well-defined. In 
that case we define Ax as y where (y, x) € A. 

Lemma 6.2. a.) If a,b C, a ^ then Au makes sense if and only if {aA + b)u makes 
sense, and in that case {aA + b)u = aAu + bu. 

b. ) Suppose that Au, Bu make sense, a,b € C Then BAu makes sense if and only if 
[B -\-b){A+ a)u makes sense, and in that case {B + b){A+ a)u = abu+bAu + aBu+BAu. 

c. ) If Bu and B^^v make sense then B^^Bu and BB^^v make sense, moreover 
B^^Bu = u, BB^^v = V. 

d. (B + b){B^^ + a)u makes sense, a,b £ C, a ^ then Bu makes sense. □ 

Lemma 6.3. Suppose that a^d^ - bici / 0, 02^2 - 62C2 / 0, 2i|gi||±| = ||±|. // 
i-) "^^Iw^ ^ and ^^^4^u make sense, or 

^^•^ frof^^ «3^3 - &3C3 + 0, 

then 

a\A + b\ a2A + 62 a^A + 63 + 62 aiA + bi 

11 = u u 

ciA + diC2A + d2 c-iA + d-i C2A + d2CiA + di 

including the statement that every expression in the equation makes sense. 

Proof. Set B = Then ff^i^ = pB'^ + q with p, g G C, p / 0. What we have 

to prove is that 

B{pB'^ + q)u = {p + qB)u = {pB~^ + q)Bu, 
including that every term is well-defined. 

i. ) We know that Bu and (pB^^ + q)u exist. In particular, B~^u also exists. Using 
Lemma l6.2[ c we see that BB~^u and B~^Bu also exist, and they are equal to u. Then 
Lemma l6.2[ b implies that the equality above holds. 

ii. ) In that case g 7^ 0. Then, according to Lemma l6.2l d Bu exists. By this we have 
reduced the problem to case (i). □ 

Lemma 6.4. Suppose that wi,W2 € C, wi 7^ W2. If 

i. ) {wi — A)~^u and {w2 — A)~^u make sense, or 

ii. ) {wi — A)~^{w2 — A)~^u makes sense 
then the resolvent identity holds: 

{Wl - A)~^{W2 - A)~^U = {W2 - W2)~^{{WI - A)~^U - {W2 - A)~^u) 

= {w2- Ay^{wi - Ay^u, 
including the statement that all expressions in the identity are well-defined. 
In short terms: The resolvent identity holds if either side makes sense. 

Proof. Let B = ^i^, £ = . Then 

{wi-Ay^=^{B~^-l), and {w2 - A)'^ = ^{l - B). 

In particular, Bu and B^^u exist, hence B^^Bu and BB^^u exist and they are equal 
to u. We have to prove that 

C{B-^ - 1)^(1 - B)u = C{^{B~^ - l)u - C(l - B)u) = e(l - B)i{B~^ - l)u 

ie. that 

{B-^ - 1)(1 - B)u = Bu-2u + B-^u = (1 - B){B-^ - ld)u. 

i. ) The equality follows from Lemma l6. 21 b. 

ii. ) In that case q^Q and the statement is reduced to part (i) by Lemma l6.2[ d. □ 
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le. the resolvent identity is still valid, which is of crucial importance. It makes possible 
to generalize the identities concerning rational functions. If n > 0, c E C, A is a 
multivalued linear operator on 53, u € 53 then we use the notation 




ie. -^u \s A iterated n times on u multiplied by the constant c. Now, using the 
resolvent identity above one can easily prove the full analogue of Lemma |4. II 

Lemma 6.5. Suppose that wi,'W2 ^ C, wi ^ W2 ■ Then 
h.) For n G N 



wi-W2\ {wi - AY {w2 - AY J ^ {wi - Ay {w2 - AY-i+^ 



if either side makes sense, 
c.) For ni,n2 € N 



-u 



{wi - (w2 - AY2+'^ ^ j\n2\ {w2 - wi)"2+J+i {wi - 



"2 



{j + ni)\ 1 1 

u 



j_Q j!ni! {wi - W2Y^+^+'^ {w2 - A)"2-i+i 
if either side makes sense. □ 

6.6. Assume from now on that 53 is a locally convex vector space. Suppose that F C C 
and A is a multivalued linear operator. For n G N we define Dp;(j4) C 53 as the set of 
elements u such that for all < m < n the functions 

i?oo : izi,...,zm) e{T\ {^}r ^ {zi - Ay^ ...{zm- A)-\ 

and 



Ro: (zi, . . . , z^) G (F \ {0})- ^ (zr' - A-'r' . . . - A 



u 



are well-defined and continuous. Notice that D (A) is simply the domain of A if it is an 
operator. In order to make this notion more friendly, we give another characterization: 

Lemma 6.7. a.) // oo ^ F then u G D^{A) if and only if for all < m < n the 

functions 

i?oo : (zi, . . . , z^) G F'" ^ {zi - A)-^ ...{zm- AY^u 

are well-defined and continuous. 

b.) If p & C, p ^ T then u G D'^{A) if and only if for all < m < n the functions 

Rp: gF™^ 

((zi - pY' -{A- pY'Y' ■ ■ ■ ((^m - pY' -(A- pY^Y^u 

are well-defined and continuous. □ 

One might think that u G Dp(j4) C 53 is characterized by a global property with 
respect to F. This is not the case, it is a local property. Using the resolvent identity it 
is not hard to prove 
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Lemma 6.8. We have u G Dp(A) if and only if for any w there is an open set 
w £U such that u G T)'^^y{A). □ 

Now we can state the generalization of Lemma 14.21 For the sake of simphcity we 
write (^^(^ly^j^y u instead of d{t) u. This expression can also be understood either 

formally or as a vector measure which is the product of the scalar measure 0{t) and a 
continuous vector valued function. 

Lemma 6.9. Now assume that 7 : [a, 6] — > C is a Lipschitz curve, T = j{[a, b]). 
a.) Suppose that ai,bi e [a,b], n > 1, u G D'^^~^^{A). Then 

1 1 /"^i -nd-fit) 



(7(61) - AY (7(ai) - AY Jt=a, {lit) - 
h.) Under similar assumption, suppose that 



^(7(ai)) n J7(fei)) 

c„- ^ c- 



(-w;)^' ^ (7(01) - w)i ^ (7(61) - w) 
modulo 0{w~^''~^) as w ^ 00. Then 

= / T ]c-^(tr-A 



.j^ (7(61) - Ay j^^ (7(ai) - Ay - V ' ) m - A)- 



c.) Suppose that a < ai < bi < b, ni,n2 G N, n G D'^^^'^^^^ (A) . Then 



1 1 

7/ = 

(7(01) - (7(61) -^)"2 + l 

rbi + n2 + 1)! (7(t) - 7(ai))"^ (7(^1) - 7(0)"' dj{t) 



tU. 



It=a^ riiW- (7(^1) -7(«i))"^+''^+^ (7(0 - A)'^i+"2+2 

Proof. Part (a) follows from Lemma l6.5l a. Part (b) and (c) follow from part (a). □ 

When we consider superpositions as in Lemma 14.51 and 14.91 it is essential that the 
integrals in question exist. For this reason we assume that the locally convex vector 
space 53 is sequentially complete. Proceeding with the generalization of Lemma 14.91 



Theorem 6.10 (Additive reduction). Suppose that T C C is a connected Lipschitz curve 

system, i«o G F, n G N, and the map s i—>- Q^^^s is constructed according to a suitable 
choice function (p. Suppose that ^ is a measure onT, u & D""'"^(^), 53 is a sequentially 
closed locally convex vector space. Then 

fi{w) Cn , f ne{w) 

^ -u+ 7 7^ — rru, 



{w - A)"- {vuo - AY J {w- AY+^ 

where 

' fiis) and e{w)= I ^l^^Uw)ti{s). 



Proof. It follows from the Fubini integral formulae □ 

When it comes to multiplication as in Lemma 14.71 and 14.111 in order to generalize 
them we have to apply for the sequential closedness of A. The reason is that closedness 
allows to interchange integration and operator actions: 
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Lemma 6.11. Suppose that fi is a measure on S, v is a continuous "^-valued function 
on S, and A is an operator on 03 such that Av is also continuous on S. Assume that 03 
is sequentially complete, A is sequentially closed. Then 



Al^J ^;(s)/i(s)J = J Av{s)fiis), 

including the statement that both sides make sense. 

It is a trivial observation that if o, b,c,d(zC,ad — bc^O and A is sequentially closed 
then is sequentially closed, too. Using that we can state 

Theorem 6.12 (Multiplicative reduction). Suppose that T C C is a Lipschitz curve 
system, fii and fi2 cLf^ measures on it. Suppose that the map (si,S2) '—^ 'E^J^''^^.'^^\s) is 
obtained according to a choice function (p as earlier. Assume that u € T)^'^^^^'^'^ [A) , 03 
is a sequentially closed locally convex vector space, A is a sequentially closed multivalued 
linear operator. Then 

-u = y --7-U, 



(si - J (s2 - ^ J (s-A) 



where 

b,ni,n2) 



Okis) = / Hl^™^(s)/.i(.i)/.2(.2). 

J{si,s2)erxr 

Proof. It follows from the previous lemma and the Fubini integral formulae ([!]). □ 

The generalization of the rest of Section 4 is straightforward. 

Theorem 6.13. Let h : C ^ C be a conformal map, h{z) = ad — be ^ 0. 

a.) Suppose that w,h{w) G C. Then 

1 c ad — be 1 

+ 



w — A cw + d {cw + dY h{w) — h{{A) 

b.) Suppose that T d <C is a Lipschitz curve system, fj, is a measure on it. Assume 
that h{T) C C. Suppose that u G D^iA). Then 

fj.{w) ( [^\ ( ^ X"-^-? / ad — cd 



{w-A)-^ P^^J \jj\cw + dj \{cw + dyj {h{w)-hf{A)y 



tU. 



□ 



For the purpose of the following statements let C C be a simply connected Lipschitz 
domain with oriented boundary curve 7 with underlying curve 7 : [a, b]a,~^b ~^ C. 

Theorem 6.14. For any polynomial P with degree < n — 1, u G Dp"^^(^) 

(7(0 

Proof. Cutting 7 to pieces, it follows from Lemma |5. 91 b. □ 

Theorem 6.15. Assume that f : U ^ C is a holomorphic function which extends 
to the analytic boundary of lA continuously. Suppose that f : [a, 6]a~b C gives the 
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boundary values in the sense that at ^{t) the extended value is f{t). Suppose that n G N, 



ugD"+^(A). Then 

LA 



dl{t) 

{lit) -Ay 



Proof. If 7 is a similar curve inside lA then the statement is a consequence of Green's 
theorem, or rather the fundamental integral formula behind it. Due to the fact that 
is a Lipschitz domain, we can well approximate 7 by such 7, and by continuity the 
statement follows. □ 

Theorem 6.16. a.) If n > 1, w eU, to e [a,b]/{a ~ 5}, u G B'±+^{A) then 

LA 

1 1 1 A / . N N d-f{t) 

-, T^li = T-, ^ 7^"" + n / loe(7 t) — W) , , , -r T-rU, 

{w-AY (7(to)-^)" 27ri 7 ^^'^^ ^ (7(t) - ' 

where log(7(t) — vS) is a branch such that it is continuous on {[a,b]/{a ~ 6}) \ {to}- 
b.) If is a measure onU , n > 1, w , t^ ^ [a, 6]/{a ~ 6}, n G D^"*'^(yl), then 

LA 



{w-AY {j(to) - AY J ' '^T^Uit,n.)e[a,b)xU '{7{t)-AY+^ 

as long as i.) for a fixed w the r{t,w) = log(7(t) — w) is a branch such that it is 
continuous except at tQ, ii.) r{t,w) fi{w) d'yi{t) is Lebesgue integrable. 

Proof, a.) By the the standard encircling argument and partial integration 

(LHS) = — / -T^ = (RHS). 

b.) This is just the superposition statement of part (a). □ 

7. The holomorphic functional calculus 

7.1. Let us fix a Lipschitz curve system F C C, a sequentially complete locally convex 
space space 23, and a multivalued linear operator A on 2J. 

Assume now that / G Ti^- Then we define the operator f{A) on Dp;(^) as follows: 
Consider any generalized normal form 



n „ 

/(-) = E / 



{h{w)-h{z))y 



where /i : C ^ C is a conformal map such that /i(r) C C. Then, for u G Dp (A) we 
define 



f{A)u = Y,I 



— 7/ 

^^,.^erih{w)-h,{A)y ' 

ie. the evaluation of the normal form for A on u. We have to show that f{A)u above 
does not depend on the particular choice of the generalized normal form. 

Theorem 7.2 (Well-definedness). /// G Hp, u G Dp(^) then 

a. ) f{A)u is well-defined. 

b. ) f{A)u is linear in f and u. 

c. ) If h is a conformal map, then 

f{A)u = {foh~^){hi{A))u. 
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d.) If A is sequentially closed then f{A) defines linear maps 

f{A) :Dj^+"i(^) ^D?n^)- 

Proof. Part (a): First, we consider the case when h{z) = z can be taken. Then we 
have to show that f{A)u does not depend on the particular choice of the normal form 
belonging to /. We know that normal forms can be reduced to simple normal forms with 
fixed poles using Lemma [4. 91 while according to Theorem 16.101 the evaluation for A does 
not change. Then the simple normal forms differ only by some polynomial cycles whose 
evaluation vanishes according to Theorem 16.141 In the second step, one must show 
that using different h the evaluation does not change. Indeed, Theorem I6.13[ b shows 
that while obtaining a generalized normal form according to point 15.91 the evaluation of 
f{A)u does not change. The general case then follows from a formal change of variable 
A I— > hf{A). Parts (b) and (c) follow from the definition immediately; (d) follows from 
Lemma 16.111 □ 

Next we prove the multiplicative property, from which one can develop the spectral 
mapping theorem, etc. 

Theorem 7.3 (Multiplicativity) . Suppose that A is a sequentially closed multivalued 
linear operator on the sequentially complete locally convex space space 53, and fi G 7i^^ , 
/2 G n"^'. Then /1/2 G ?^^^^+"^ and for u G D^^^+^^C^) 

f{A)u = fM)f2{A)u. 

Proof. After a conformal change of variable we can assume that P C C. Lemma 14.111 
and Theorem 16.121 show that a certain normal form of the product function fi{z)f2{z) 
gives the evaluation fi[A)f2{A)u. □ 

Theorem 7.4 (Locality). Suppose that T is a Lipschitz curve system, C \ P = Vi U V2, 
/ G Ti-Y vanishes on V2, and u G DpJ.jJ,^ (yl). Then 

f{A)u = 0. 

Proof. After a conformal change of variable we can assume that P C C. Let us follow 
the evaluation f{A)u during the preparation argument of 15.131 According to Theorem 
16.101 and Theorem 16. 161 b we see that the evaluation does not change. Using functional 
theoretic arguments, in Lemma 15.141 we saw that the prepared normal form can be 
assumed to be of the very special form ([6]). But then, according to Theorem 16.151 the 
evaluation f{A)u vanishes. □ 

The case of the classical Riesz functional calculus (in case of Lipschitz curves) can be 
considered as the special case when P is a closed simple curve bounding the bounded 
open set U which contains the spectrum of A, and f = F\ii where F is holomorphic in a 
neighborhood of lA. The locality property is the counterpart of the statement that one 
can relocate the integrating paths. 

8. Logarithms and fractional powers 



8.1. If we want to consider log then the natural idea is take the function /( 



logff^ G ^^([01 .61]) where log is an appropriate branch of logarithm and 7 : [ai, 61] C 
is a Lipschitz curve starting at 7(01) = —d/c and ending at 7(61) = —b/a. This 
prescription is unique except that there is an ambiguity 2'irik in the logarithm function. 
Regarding the natural choice we may proceed as follow: Suppose that 7 : [ai,6i] C 
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is a Lipschitz curve and F : [ai,bi] — > Cz + C is a formal linear function such that 
F{t) = u{t)z + v{t), where F{ai) = cz + d, F{hi) = az + h, F{t) is a scalar multiple 
of 7(t) — z except at 7(t) = oo and it is a scalar multiple of 1 — ^{t)~^z except at 
7(i) = (in particular, — = We assume that the scalar multipliers are locally 

nonvanishing Lipschitz curves in technical sense. Then, we can define in formal sense 

az + h _ dF{t) _ [^^ u'{t)z + v'{t) ^ 

^ - y,=,^ -Fit) - u{t)z+v{t) 

If we substitute z e C\7([ai, into z then we obtain a concrete representative log||^. 
Also, simplifying the right side one can easily extract a normal form. For z € 7((ai, bi)) 
we may define log(^) -ff^ as the average of log(^) ff^^ and log(^) ff=:^. 
According to the situation above, for | Rea| < 1 we may define powers as 



az + 6\ " / , az + b\ 



(F) 

for z G C\7([ai,6i]) with (+) and for z E 7((ai,6i)) with (— ), respectively. 
8.2. A very natural case is when F{t) = -y{t) — z. This yields the function log(7, z) and 
( l{b^)-z Y ^..['^ /sinavrX / 7(6,) - 7(t) \ " d^{t) 



(cf . 12. 4|) . The other very natural case is when we consider the straight segment connect- 
ing 1 and z: F{t) = — ^-^z for t G [—1, 1]. The associated logarithm function (in 
the reverse direction) is 

log 2; = — / — 7 :—dt, 

ie. the classical logarithm function cut along M~. The associated powers are 

(One can pass from F{t) = t — z by substituting a — > —a, z cf. 12. 5[ ) 

Lemma 8.3. a.) // n G N, u G B'^f^^^^^^^^^{A), c/„(z) = log(7,z)" then log(7,^) can be 
iterated on u arbitrarily many times and 

{\og{^, A)ru = gn{A)u. 

b. ) Let n G N, and S = [—n,n] or S = {a : \a\ < n}. If u G D"^j^^ ^^j^(^), 

/a(^) = [ ^{a\]~l )^^^ *^en the function 

a G 5 ^ fa{A)u G 03 
is well-defined and continuous. Moreover, if n > 2 then 

fa{A) = V —gniu) = exp(Qlog(7,^))n. 
^-^ n\ 

neN 

c. ) It yields exp(ai log(7. A)) exp(a2 log(7, A))u = exp((ai + 02) log(7, A))u as long 
as \ai \ + [02! < n. In particular, if n > 2 then the exp(Q log(7, ^)) form a local group 
on D"([a^ bi])(^) ^^^^ infinitesimal generator log(7, A). 
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Proof. For n > 1 



Part (a) follows from multiplicativity. Regarding (b): For |a| < 1 
UA) = 1+ '''' 



sinavrX / 7(61) — 7(i) A " '^7(*) 



t=ai \ TT y V7(i) -7(ai)y(^) 7(0 

If |a| < 1 then the convergence of the normal form measures implies the statement. 

Let K{t) = 2^ ((log(7, 7(t)) + 7ri)"+i - (log(7, 7(t)) - 7ri)"+i) . If a = ai + . . . + a^, 
\ai\ < 1 (say a, = a/n) then 

°o n °o ni "fe 

n! ^ ni! nfc! 

n=u ni,...,nfe=U 



il=ai Jtfc 



ni! nfc! ^^^^ ' ^{t^) - A' ' ' ^{h) - A 

= exp(ai log(7, A))... exp(a„ log(7, = f^^ {A)... f^^ {A)u = fa{A). 

Proceeding backwards we can make sure of convergence. In the last step we collapse the 
terms belonging to the same sum of powers. That proves the statement for \a\ < n. For 
a € [— n, n] we can argue similarly. 

Part (c) follows from the power series expansion. □ 

8.4. One can make a similar statement for 

1 . ^-A 
logA = - —dt. 



_i {l + t) + {l-t)A 



Here for, \a\ < 1 



(7) A^-l- f' sina^ /l + A" 1-A 

Assume now that Re a > 0. One can notice that the expression above make sense if u 
is such that for some e > 

(1 + ^—^ —u 

^ ' {l + t) + {l-t)A 

is bounded. We denote the set of such elements u by D^(yl). 

Lemma 8.5. If u ^ D^(A) then the function 

( sin avr /t — s\" 1 — A \ 

s G [-1, 1) Us = { 1 - / -; ^ —dt u 

^ ' V Jt=s vr \l-t) {l + t) + {l-t)A J 

is continuous, and for s E (—1,1) 

fl + s 1-sX 
Us = 1 A u. 

\ 2 2 y 

The choice s = 1 yields the same expression as on right side 0/ ([7]). □ 
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Hence, it is entirely reasonable to define A'^u for u € Dj^(A) as in ([7]). What 
happened is that we used convergence improvement by singling out a particular normal 
form, but which idea was supported by a continuity property. Using Lemma [831 above, 
one can easily extend the semigroup property, etc. The formula above already applies to 
positive operators in Hilbert spaces: If A is positive then |((1 + t) + (1 — t)y4)~^| < 

which shows that D(^) C Bt^{A) for < Re a < 1. Now, ([7]) is a classical formula 

M 

ready to relate to other ones usual in the theory of fractional powers. 

9. Convergence improvement 
There are many ways to improve the holomorphic calculus above. 

9.1. First, one can use more general curve systems, e. g.: 

a. ) If one examines the proofs before, one can see that instead of Lipschitz curve 
systems it is sufficient to consider piecewise Lipschitz curve systems where at nodes the 
sets of curve directions regarding the different pieces are disjoint. 

b. ) When we consider logarithms and exponentials as in the previous section we can 
take (possibly closed) piecewise Lipschitz curves. For example. Lemma 13.121 shows that 
logarithmic singularities are rather nice, and by deleting smaller and smaller neighbor- 
hoods of the nodes taking limits allow us, by continuity, to pass from disjoint unions of 
Lipschitz curves to piecewise Lipschitz curves. 

There are also many possibilities to relax analytic environment, e. g.: 

c. ) Instead of allowing all possible normal forms one can restrict to simple normal 
forms with, say, measure terms. In this case the condition u G Dp;(^) can be relaxed, 
principally the iterated resolvent does not need to be defined at the diagonal of F". 

d. ) More generally, various growth conditions may help to extend the domains of the 
operators. For example, it is useful to require only some polynomial growth conditions 
as in [8^ 
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